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Abstract 

Let M = T\G be a nilmanifold endowed with an invariant complex struc- 
ture. We prove that Kuranishi deformations of abelian complex structures 
are all invariant complex structures, generalizing a result in [2j for 2-step nil- 
manifolds. We characterize small deformations that remain abelian. As an 
application, we observe that at real dimension six, the deformation process of 
abelian complex structures is stable within the class of nilpotent complex struc- 
tures. We give an example to show that this property does not hold in higher 
dimension. 

AMS Subject Classification: 32G05; 53C15, 53C56, 57S25, 22E25 

1 Introduction 

Let M = V\G be a nilmanifold, i.e. a compact quotient of a simply-connected 
nilpotent Lie group G by a uniform discrete subgroup T. We assume that M has an 
invariant complex structure J, that is to say that J comes from a complex structure 
J on the Lie algebra g of G. An important class of complex structures is given by 
the abelian ones pH |2j, which are particular types of nilpotent complex structures 
considered in 

If G is 2-step nilpotent or equivalently M is a 2-step nilmanifold, the deformation 
of abelian complex structures was studied in [S], where it is proved that the Kuranishi 
process preserves the invariance of the deformed complex structures, at least for small 
deformations. 

In this notes we show that this result can be generalized to fc-step nilmanifolds 
with abelian complex structures, whatever k is. 
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2 Partially supported by NSF DMS-0204002. 



1 



Theorem Let G be a simply connected nilpotent Lie group with co-compact subgroup 
T. Then any abelian invariant complex structure on M = T\G has a locally complete 
family of deformations consisting entirely of invariant complex structures. 

For the proof, we construct a family of holomorphic fibrations which can be derived 
by the ascending series associated to any nilpotent Lie algebra (Section EJ). Then, an 
inductive argument shows that the Dolbeault cohomology on M with coefficients in 
the structure and holomorphic tangent sheaf can be computed using invariant forms 
and invariant vectors (Lemma 0] and Theorem^ 11 Section^. So, like in j^j, one can 
find harmonic representatives for the Dolbeault cohomology on M with coefficients in 
the holomorphic tangent sheaf. This allows to prove that application of Kuranishi's 
method does not take one outside the subspace of invariant tensors (Section HJ. 

It is known that deformation of abelian complex structures is not stable beginning 
in real dimension six We developed the condition for an infinitesimal deforma- 
tion to be generated by a family of abelian complex structures in a coordinate free 
manner. Given the results in [5], it is not surprising to learn that an element in the 
first cohomology of the tangent sheaf is integrable to a family of Abelian complex 
structures if and only if it is infinitesimally so. Our computation also characterizes 
such elements in terms of the Lie algebra structure given by the Schouten bracket on 
the direct sum of the space of (l,0)-vectors and (0,l)-forms. 

As an application of the theory developed above, we observe that at real dimension 
six, deformation of abelian complex structures is stable within the class of nilpotent 
complex structures (Section |SJ). An example shows that this phenomenon does not 
persist in higher dimension (Section |)J). 

2 Abelian complex structures 

A complex structure J on a Lie algebra g is called abelian if [J A, JB] = [A, B], for 
all A, B in g (or, equivalently, if the complex space of (l,0)-vectors is an abelian 
algebra with respect to Lie bracket) [UI21- Recall also that J defines (extending it 
by left-translation) an invariant almost complex structure on the group G which is 
integrable. 

The Lie groups or, more generally, the nilmanifolds with an abelian complex 
structure are to some extent dual to complex parallelizable nilmanifolds: indeed, in 
the complex parallelizable case 

dg *m c *(2, O ) ; 
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and in the abelian case 

dfl .(i,o) c *(i,D ; 

where g*( pil? ) denotes the space of (p, g)-forms on g. 

Now assume that the Lie algebra g is fc-step nilpotent and set n := dim c g. 
Let us use like in jl] the ascending series {ge} with 

0o = {0} , 

g 1 = {X e 9 \[x, g ]=o}, 

Qe = {X e | [X,q] C Qt-i}, 

g fc _i = {X e g I [X,g] c fc - 2 }, 
0fc = • 

It is apparent from definition that Qe/gi-i is in the center of g/gi-i- Since J is abelian 
jQe ^ Qi- Moreover 

(a) ge/ge-i is abelian, and 

(b) g/flfc-i is abelian. 

Indeed, since [g^,g] C Qi-i, we have 

ISU/St-uOt/Oi-i] C [0f/0f-i,0/0f-i] = 0. 

Moreover, by definition, g = g k , thus g/g^-i = Qk/dk-i is abelian. 

Let u>i, . . . , uj n , u n } be a real basis of g* satisfying the structure equations 

du)i = v4 iifc A u; fe (1 < i < n), 

and let X 1; . . . , X n , X n } be the real basis of g dual to this basis of 1 -forms. 
Without loss of generality, we can assume that the basis {X^X^l < i < n} is 
such that {X n - nt+1 , X n _ ne+1 , . . . , X n , X n } is a real basis of g e , ne = dim c g e . In fact, 
proceeding as in the proof of Theorem 12 in [3] , having chosen a basis 

{-X\, Xy . . . . , X n -. nf _ j . X n _ rlfc _ 1 } 

of the Lie algebra fl/g^-i, we complete it to a basis 

{-Xi, .Xi, . . . , X n — rlk _ 1 , X n — nk _ 1 , X n _ nfe _ 1 _)_i, X n _ nfc _ 1 _)_i, . . . , X n — nk _ 2 , X n — nk2 \ 
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of the Lie algebra g/Qk-2 and so on, until we have a basis 

{Xi, Xi, . . . , X n , X n } 

of the Lie algebra jj. Thus, 

{X n — ni+1 , X n — n p +1 , . . . , X n , x n y 

is a basis for g e , and {u^Qi] 1 < i < n — rii} determines the quotient Lie algebra q/q^. 
Moreover, 

Lemma 1. The forms u>i, . . . , uj n - nt , . . . , u n are all d -closed. 

3 Cohomology theory 

As in jS] [1] j^j, we need to identify Dolbeault and Lie algebra cohomology, in the 
spirit of 6 . To this aim we construct a chain of fibrations with tori as fibres which 
are associated to the ascending series considered above. 

3.1 Fibrations 

Let G be a simply connected nilpotent Lie group with Lie algebra q, M = T\G be 
the corresponding nilmanifold, where T is a discrete uniform subgroup of G. Let J 
be an abelian complex structure on q. 

Let {gi} be the ascending series of Section ^associated with g. Then we have the 
following exact sequence of Lie algebras. 

Bfc-i/flfc-2 — ► g/sfc-2 — > s/gfc-i^o 

abelian abelian 

-> Qi/Qi-i -> -> fl/& -> 

abelian 

-> Si — ► -> g/01 -> 

abelian 

Remark 1. We have the following splittings as vector spaces 

0/0^ = fl/flfc-l © • • • © 0^+2/Wl © 0£+l/0£ , 
= fl/flfc-1 © ••• © 0£+ 2 /0^+l • 

In particular, g/Qe = 0/0^+1 © 0£+i/0^ as a vector space. 
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Let G (£ = 0, . . . k — 1) and G l ^~ x denote the simply connected nilpotent Lie 
group corresponding to g/gi and Qe/Qe-i respectively (note that G° = G). Then we 
have the surjective homomorphism (which is actually holomorphic) 

Vt : G 1 - 1 - G e 

with fibre the abelian Lie group G ' . 

Let T be the uniform discrete subgroup Y of G. Since Qi is a rational subalgebra 
of g, one can see that Pi(r) is uniform in G 1 [8j. So we have the holomorphic fibration 

TTi irVG^piCHVG 1 

whose fibre is a torus. Inductively we have holomorphic fibrations with a torus as 
fibre 

if we set T £ := pn{Y l ~ l ). 

For the sake of simplicity we denote := T e \G e . So we have a sequence of 
nilmanifolds (i — 0, . . . , k — 1) and holomorphic fibrations 

ire : M e - X -> M, 

whose fibres are tori T^, with abelian Lie algebras := Qt/Qe-i- Note that Mfc_! is a 
torus as well, so that the "last" fibration ttu-i '■ -\//, 2 — > ^k-i has a torus both as 
fibre and as base. 

3.2 Lie algebra cohomology 

Let L be a Lie group and 1 be its Lie algebra endowed with a complex structure J. 
Then the complexified Lie algebra has a type decomposition lc = I 1,0 © t ' . These 
are all spaces of left-invariant vectors on L. The definitions are extended to invariant 
ip-i <z)-forms in the standard way. For instance, (\ k C^' l) = [* (0 ' fc) is the space of G- 
invariant (0, fc)-forms. 

As in |5, we use a linear operator d on (0, l)-vectors as follows. For any (1, 0)- 
vector V and (0, l)-vector U, set 

dfyV:= [U,V]^°. 

We obtain a linear map 

. (i-o ^ r (o,i) g, [i.o 

In view of Lemma^ when the complex structure J is abelian, we extend this definition 
to a linear map on <g> t 1 ' by setting 

a fe (oJ<g) V) = (-l) fc cJA9V, 
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where to G and V E I 1 ' . We have a sequence 

-> [ li0 -> t^ ' 1 ) ® t 1 ' ->•...—> [*(°. fc -i) [i.o ^ <g) [i.o £^ . . . 
Then we have (j3J Lemma 3]) 

Lemma 2. TTie afrowe sequence is a complex, i.e. d k o d k -i = for all k ^ 1. 

Accordingly we recall the following 

Definition 1. Define if^([ 1,0 ) to fre i/ie k-th cohomology of the above complex; more 
precisely, 



In the sequel, we will use this cohomology both to the fc-step nilpotent Lie algebra 
g and the quotients g/flf. We shall also need a "relative" version of Definition [T] (see 
the proof of Theorem [T}. 

3.3 Dolbeault cohomology 

We consider again the fibrations 

7r e : M|_i -»• M| , £ = 0, . . . , k - 1 . 

The fibre of 7^ is a torus T^, whose abelian Lie algebra is := Qe/Qe-i- 

Recall that the "last" fibration Ti k -i '■ M k -2 M k : has a torus both as fibre and 
as base. 

Our goal is to generalize Lemmata 4 and 5 and Theorem 1 in j^J. For Lemma 5 
and Theorem 1, the idea is to start with the "last" fibration which is analogue to the 
fibration considered in and go on inductively. At any step the basis of the fibre 
bundle is not a torus but it has "good properties" (since it is the total space of the 
fibre bundle in the previous step). 

For generalizing Lemma 4 in [S], there is no difficulty, since all we need is the basis 
constructed in Section [21 

Lemma 3. Let Ou t _ x o^nd Om«_i be the structure sheaf and the tangent sheaf of M^. 
For j ^ 1, the direct image sheaves with respect to 7tg are 




ker d k ker (d k : l*^ ® t 1 ' -> ® I 1 ' ) 



A j t; (0,1) ® o A 
= A j t; (0,1) ® © 



M e - 



*(0,j) 



t* (0,i) <g> 
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As a start, let us consider the structure sheaf of a general Mf. 
Lemma 4. Let I = 0, . . . , k — 1 and Ou t be the structure sheaf Mg. Then 

H*(M e ,0 Me ) = A^fl/fc)*^ = (0/0.r (Oj) • 

Proof: We prove this lemma by induction, beginning with i = k — 1 and finishing at 
I = 0. Note that M^_! is a torus. 

1st inductive step: Consider the "last" fibration TTk-i '■ M k ^ 2 —* M k -\ and the corre- 
sponding exact sequence of Lie algebras 

0^ tfc-l = flfc-l/flfc-2 — > S/0fc-2 — > fl/flfe-i— 

abelian abelian 

Using the Leray spectral sequence with respect to the <9-operator and the holomorphic 
projection ir k -i, we have 

E™ = Hv(M k ^, RH k _ u O Mk _ 2 ), E?« =► H^(M k _ 2 , Mk _ 2 ). 

From the previous lemma, when g ^ 1, 

£™ = H?(M k _ u /\%^ ® Mfc _J = f\%^ ® ^(M^, O^J 

= A^WCfl/to-i)*^- 

Every element in Ef' 9 is a linear combination of the tensor products of vertical (0, q)- 
forms and (0,p)-forms lifted from the base. Since these forms are globally defined and 
the differential d 2 is generated by the <9-operator, we have d 2 = 0. It follows that the 
Leray spectral sequence degenerates at the ^-level. Therefore, since by Remark Q 
fl/gfc-2 = g/flfc-i © 0fc-i/flfc-2 as a vector space, 

W{M k ^O Mk _ 2 ) = © E$« = AHff ® A p (fl/fl*-i)* (0,1) 

= A*(fl*-i/fl*- a )* (0,1) ® A p (0/0 fe -i)* (Oll) 

= A i (fl/fl*-a)* (0 ' 1) = (fl/fc-2)* ( ° J) . 

General inductive step: Consider the fibration 7r^ +1 : — > M i+ i and the correspond- 
ing exact sequence of Lie algebras 

0^ t i+1 — Qe+i/gi — > g/&e — > 0/Wi ^ 
abelian 
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Using again the Leray spectral sequence and the same arguments 

E™ = A^tf ® H*(M i+1 , Ml+1 ) . 
By inductive hypothesis H\M l+l ,0 Ml+1 ) = A P (fl/fl-fi)* (0,1) , so 



*(o,i) 



p+q=j P+q=j 

= Mgm/^r^ ® a p (b/^ + i)* (0,1) 
= A^r^ = (0/0.)* (Oj) . 

QED 

Theorem 1. Let M be a k-step nilmanifold with an abelian complex structure. Let 
I = 0, . . . , k — 1 and &M e be the tangent sheaf Me. Then 

In particular, there is a natural isomorphism H^M, 6m) - H^q 1 ' ). 

Proof: Again, we prove this lemma by induction, beginning with I = k — 1 and 
finishing at i = 0. 

1st inductive step: Consider the "last" fibration Tr^-i '■ Mj,_ 2 — > M&_i and use the 
Leray spectral sequence of because both the base and the fiber are tori. 

We are in same setting as in Lemma 5 and Theorem 1]. Thus, we have an analogue 
of Lemma 5]. i.e. 

h^m^u^m^) = AWs^r^ ® (s/flw) 1 ' . 

Using the exact sequence 

-> (g fc -i/g fc -2) 1,0 ® Mk _ 2 -> 9 Mfc _ 2 -> tt^^m,^ -> o 

as in Theorem 1], we get 

2nd inductive step: Consider the fibration Hk-2 '■ Mj s _ 3 — > Mfc_ 2 . Now the basis is not 
necessarily a torus. The Leray spectral sequence of 7Tfc_2@Mi._2 yields 

E P 2 > g = f\ q (dk-2/8k-3)* {0,1) ® H V {M k -2, ©M fe _ 2 ) 

= A 9 (0 fc - 2 /g fc -3)* (o ' 1) ®^|((0/0,- 2 ) 1 ' ) 



by the first inductive step. 

Elements in A <? (0fc- 2 /0fc-3)* ( ' O ' 1 ' ) are pulled back to globally defined (0, g)-forms on 
Mk-3. Elements of H^{{q/ Q k _ 2 ) 1,0 ) yield globally defined forms on M k _ 3 and globally 
defined sections of ^l-^M k ^ 2 - Moreover, d 2 = 0, since d 2 is generated by d. So the 
spectral sequence degenerates at E 2 . Thus 

H\M k _ 3 ,nl_ 2 Q Mk _ 2 )= E™= A 9 (0,-2/0,-3)* ( °' 1) ®^((0/0,- 2 ) 1 ' ). (1) 

p+q=j P+q=j 

The latter is the cohomology of the complex 

© (0 fe - 2 /0 fe -3)* (o ' 9) ® ((0/0 fc - 2 r (M ® (oM-.) 1 ' ) 

p+<2=j 



^ (0 fc - 2 /0 fc -3)* (M ®((0/0 fc - 2 )* ( °' P+1) ® (0/0.-2) 1 ' ) 
?>+<?=.? 

Note that gfe_2/0fc-3 is in the center of g/Qk-3- If V is in g/gfc_2 and Xj is in 
fl/flfc-3, IX?>^]0/0 fc _3 is wen defined with respect to the induced Lie bracket on the 
quotient algebra g/gk-3- Recall that {cuj : 1 < j ' < ne} forms a basis for q/$£. Its 
dual basis is {Xj : 1 < j ' < n^}. Now we consider a linear map d on as follows. For 
in (Q/Q k - 3 )* m and V in (g/g^) 1 ' , define 

n-n k _ 3 

d\ Q ®V)= A ^ ® Tfc-3(R, ^] / O 0fc _ 3 )- ( 2 ) 

J'=l 

It yields a linear map. 

9' : (0/0 fc - 3 )* (Oj) ® (0/0 fc - 2 ) 1,0 - (0/0 fe - 3 )* ( ° J+1) ® (0/0.-2) 1 ' (3) 

Now, using the fact that J is an abelian complex structure, one could verify that 
d od =0. Moreover, if Xj is dual to an element of gfc-2/gfc-3, then [Xj, V] fl / flfc _ 3 = 0. 
Therefore, the complex with d' and the complex ® d in the previous paragraph 
agree. 

We denote by _f/|((g/g fc _ 3 , g/gjfc-2) 1 ' ) the cohomology of the above d -complex. 
(It is a sort of "relative" cohomology.) 

Next, we can describe the <9-complex on g/gfc_3 using the splitting 

g/gfc-3 = g/g/c- 2 © gfc-3/gfc- 2 = g/gfc- 2 © t fc _ 2 . 
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It yields 



((0/0 



fc-3 



Ao J) 



((fl/flfc-s) 



*(Oj+l) 



((fl/flfc-c- 




(fl/fl fc -2) 1,0 ) © ((fl/flfc-3) 



*(°>i+i) t 1 ' 



where 9 is the "tjJ.'° 2 -component " of d (in a similar sense as in (J2J). 

Now, using the e/-complex (jSJ) and the "relative" cohomology H^((g/g k -3, 
(JTJ becomes 

Consider now the exact sequence 

-> (flfc- 2 /flfc-3) 1 ' ® Cm & _ 3 
or (setting as usual t fc _ 2 := $k-2l$k-z) 

- t° 2 ® o Mfe _ 3 - e Mh _ 3 -> 7r fe *_ 3 e Mfc _ 2 - , 
which induces the long exact sequence 



e 



7r fe-3 6) M fe _ 2 







% t° 2 ®^ +1 (M fc _ 3 ,OM fc _ 3 )-... 

By the previous results this sequence can be written as 



■ ■ ■ - (fl/fl*-3)* (0J) ® 4'° 2 - H j (M k - 3 , B Mk _ 3 ) -> 4(( /0 fc -3, fl/fc-2) 1 ' ) 

To compute the coboundary map 5j , we chase diagram and find that it is precisely 
the map d" on the "relative" cohomology H^((g/g k ^ 3 , g/g fe _ 2 ) :L ' Q ). Given the long 
exact sequence we have 



ker 5,- 



(0/0 fe - 3 )* (OJ) ® 4'° 2 



^ 1 (iJf 1 ((g/ fe . 3)fl /fe- 2 )i.°) 



Let us compare this with HU(q/q 



k~3) 



1 1,0 s 



, which is the cohomology of the complex 



determined by <9 = d + 9 . Let [b + t] G f/i((g/g 



fc-3j 



a, o x 



, with 6 g (g/0fc_; 



Ao,j) 
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(s/flfc^) 1,0 and t G (0/Sfc- 3 )* (o,i) <g> t^° 2 . Then b G ker d = kerd' fl kerd". Moreover 
6 + t is cohomologous to 6' + £ if and only if b — b' G Im d = Im d . Thus 

ker 9 fl ker d 



Im (9' 



determines the cohomology class of b. This is also the space kerdj. 

Next, observe further that b + t is cohomologous to b + 1' if and only if t — t' G 



Im<9 = Im<9 , i.e., t — t' E d {b"). Since 6" is mapped by 9 into (g/Qk-s)*^ J ' ® t fe _ 2 , 

= 0, so 6" G ker d' . Hence t-fe d"(kerd') = 5 J -_ 1 (flj- 1 (( / flfe _ 3 , g/ftfe-a) 1 ' )). 
Therefore 

m((0/g fe - 3 ) 1 ' O )=ker5 7 - vy ' yA - : " 



(0/g fc - 3 )* (Oj) g tj '°- 
^(^((g/g^g/g^) 1 ' )) 



It is therefore isomorphic to iiP(Mfc_ 3 , ®M k _ 3 ) as claimed. 

With a shift of indices, it established an inductive process to complete the proof 
of the theorem. QED 



4 Deformation theory 

We will show that one can find harmonic representatives in the Dolbeault cohomology 
groups. To this goal, we introduce an invariant Hermitian metric on M. We choose 
such a metric so that if {Xi,Xx, . . . ,X n ,X n } is the real basis of g constructed in 
Sectional {Yx, JY\, . . . , Y n , JY n } forms a Hermitian frame, where we set := §pQ + 
Xi). We use the resulting inner product on g*(°' fc ) <g> g 1 ' to define the orthogonal 
complement of \mdk-i in keidk- Denote this space by Im 3n. Then, with the 
same proof as in [HI Theorem 3] , we find that the harmonic theory is reduced to finite 
dimensional linear algebra. 

Theorem 2. The space lmr L d^-i is a space of harmonic representatives for the Dol- 
beault cohomology H h (M, Qm) on the compact complex manifold M. In addition, let 
AiGg^^g 1 ' . Then d fi with respect to the L2-norm on the compact manifold M 
is equal to d [i with respect to the Hermitian inner product on the finite-dimensional 
vector spaces g*(°' fc ) ® g 1 ' . 

Next one can consider the Schouten-Nijenhuis bracket 

{■, ■} : h\x, e x ) x h\x, e x ) -> h 2 (x, e x ). 
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Recall that it can be denned as follows. Let uo <g> V and u' (g> V be vector-valued 
(0,l)-forms representing elements in H l (X, Ox)- Then 

{uJ <g> V, uf ® V"} — uf A L v ,uJ ®V + u A LyU' ® V" + cJ A uf ® [V, V']. 

Using the fact that the complex structure is abelian, so [V, V] = for all (1, 0)-vectors, 
one gets 

{UJ <g> V, u;' <g> V'} — uf A lyiduj &V + ZJA L V duf ® V'. (4) 

To construct deformations, we can now apply Kuranishi's recursive formula like 
in [Hj. We recall it for the sake of completeness. 

Let {/3i, . . . , /3jv} be an orthonormal basis of the harmonic representatives of 
H\M,Q M )- For any vector t = {t l} . . . ,t N ) in let /z(t) = tjft + • • • + ^/?iv 
and set = /x. Then, one can define 4> r inductively for r ^ 2 as we will now recall. 

Denote as usual by d the adjoint operator to the 9-operator on M with respect 
to the Hermitian metric previously defined and by A = dd + d d the Laplacian. 
Then we set 

r— 1 r—1 
4>r(t) = ^^{0 s (t),0 rs (t)} = |5>9*{0 s (t),0 r - s (t)}, (5) 

s=l s=l 

where is the corresponding Green's operator that inverts A on the orthogonal 
complement of the space of harmonic forms. 
Consider the formal sum 

*(t)=X>r- (6) 

Observe that $ belongs to 

s *(o,i) i,o 

and can be regarded either as a map sending 
g ' 1 to g 1 ' or as one from g*( 1,0 ) to g* (0,1) . 

Let {71, . . . ,7p} be an orthonormal basis for the space of harmonic (0, 2)-forms 
with values in 9a/- Define /fe(t) to be the L 2 -inner product (({<&(t), <fr(t)},7&)). 
Kuranishi theory asserts the existence of e > such that 

{te<C":|t|<e, / 1 (t) = 0,...,/ P (t)=0} (7) 

forms a locally complete family of deformations of M. We shall denote this set by 
Kur. 

For each t 6 Kur, the associated sum <E» = <&(t) defines a family of complex 
structures Jq> whose (l,0)-forms are given by cu — G»(uj), u E g*^ 1 ' ) and whose (0,1)- 
vectors are X + &(X), X E g ' 1 . 

Consequently the integrability condition for a deformation $ is, for any uj E g*( 1,0 ) 
and X,YEQ°'\ 

(d{uo - *(w))) (X + $(X),Y + *(?)) = 0. (8) 
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To relate this condition to the Maurer-Cartan equation, one may check that 

- (d(u - (X + &(X), Y + = u ((8* + ^{$, *})(*, K)J . (9) 

Now, given the fact that the harmonic theory is reduced to a finite dimensional 
program as noted in Theorem |21 a proof in |5| shows that every term in the power 
series © lies in q*^ <g> g 1 ' . Thus 

Theorem 3. Let G be a nilpotent Lie group with co-compact subgroup V , and let J be 
an abelian invariant complex structure on M = T\G. Then the deformations arising 
from J parameterized by TO are all invariant complex structures. 

We can now find under which conditions remains abelian. Recall that a 
complex structure is abelian if and only if the differential of a (1,0) form is of type 
(1,1). In other words, for any u E g* 1 - 1 ' ) and X, Y E g 1,0 , 

rf(cj-$(cj))(x + $(x),r + $(r)) = 0. (io) 

If one extends the Schouten-Nijenhuis bracket {•, ■} to the exterior algebra by anti- 
derivative as seen in [7j and make use of the assumption that J is abelian, a short 
computation shows that 

d(u -$>(u))(X + $>(X),Y + *(y)) = {$>,u -&(u)}(X,Y). (11) 

Note that &(u) is in g*( 0,1) , so {<&,<&(u;)} is in g*(°> 2 ). Note further that if a is in 
0*(i,o) anc j y j g j n gO,i ; then 

{a <g> V,u} = a A {V,u} = a A Lydu. (12) 

Since the complex structure is abelian, du is type (1,1). Therefore, Lydu is in Q*( 1,0 \ 
Therefore, {<&, u — &{u)} is in g*( 2 >°) <g> g 1,0 . It follows from equation (fTTj) above that 
the deformed complex structure J<£ is abelian if and only if 

{$,u-<f>(u)} = (13) 

for all u E g* (1 ' 0) . 

Theorem 4. <fr defines an abelian deformation if and only if it is integrable and 
{$, u - $(cj)} = for any u E g* (1 ' 0) . 
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Infinitesimally, suppose <fr = t/x + t 2 2 + t 3 3 + . . .. Then looking at the degree 
one terms, the integrability condition implies that <9/x = 0. Computing the second 
order term in the equation (JT5)l yields 

{»M = o (14) 

for any u in g*^ ' 1 ). It follows that if are constructed through the Kuranishi 
recursive formula, then (pj = for all j > 2. Conversely, if is enclosed and satisfies 
the above condition, it is integrable to an abelian complex structure. Therefore, we 
have the following result. 

Proposition 1. A parameter /x 6 H 1 (M,Qm) defines an integrable infinitesimal 
abelian deformation if and only if d/j, = and 

{n,cu} = Q for any cu E g* {0 ' 1} . 

Furthermore, we may consider /x as an element in g 1,0 ©^ ' 1 ). With the Schouten 
bracket, the space g 1,0 ©g*^' 1 ) becomes a Lie algebra. Since the complex structure is 
abelian, {fl 1,0 ^ 1,0 } = 0. By definition, {g*^ 1 ), g* (0 ' 1} } = 0. Therefore, {/x,w} = for 
any u € g*( 0,1 ) if and only if is the in kernel of the adjoint map. 

Corollary 1. A parameter \i e H l (M, @m) defines an integrable infinitesimal abelian 
deformation if and only ifd/j, = and /x is in the center of the Lie algebra g 1,0 ©g*^ ' 1 ^ . 

5 Six dimensional examples 

We recall that a complex structure J on a 2n-dimensional nilpotent Lie algebra g, 
one may consider the ascending series {gf} defined inductively by g$ = {0} and 

gf = {X e g : [X, g] C gf_ 1; [JX, g] C g^J, I > 1. 

The complex structure is said to be nilpotent if the series satisfies g^ = g, for some 
positive integer k [3]. Apparently, an abelian complex structure is nilpotent, with 
gj = g h for any i > 0. 

By Corollary 2.7 in [10J if G is a 6-dimensional nilpotent Lie group admitting an 
invariant complex structure, then all invariant complex structures are either nilpotent 
or non-nilpotent altogether. Thus, combining this result with Theorem El one has the 
following observation. 

Corollary 2. Let G be a 6-dimensional nilpotent Lie group with co-compact subgroup 
V, and let J be an abelian invariant complex structure on M = T\G. Then the 
deformations arising from J parameterized by |7p are all invariant nilpotent complex 
structures. 
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Abelian complex structures on 2-step nilmanifolds with dimension six are already 
studied in j^j. Using the classification obtained in |UJ QU] , in dimension 6 there are only 
two fc-step nilpotent Lie algebras with k > 2. Their respective structure equations 
follow. 

1)9 : [ei, e 2 ] = e 3 , [d, e 3 ] = [e 2 , e 4 ] = e 6 , 

f)i5 : [ei, e 2 ] = -e 4 , [e 1( e 3 ] = [e 2 , e 4 ] = e 5 , [ei, e 4 ] = -[e 2 , e 3 ] = -e 6 . 

Both are 3-step nilpotent. 

It is known that any complex structure on the first one f)g is abelian [TJH Theorem 
2.9]. Thus, if Hg is the simply connected nilpotent Lie group with Lie algebra f)g and 
T is a co-compact subgroup T, the deformations arising from any invariant complex 
structure J on T\Hg parameterized by (JJJ) are all invariant abelian complex structures. 

We can actually verify directly that, if we start from the abelian complex structure 
J on f) 9 with 

Je 1 = e 2 , Je 3 = e 4 , Je 5 = e 6 , 
any Kuranishi deformation is still abelian. More explicitly, 

X 1 = e 5 - ie 6 , X 2 = e 3 - ie A , X 3 = e 1 - ie 2 

is a basis of left invariant (1,0) fields. Moreover 

Co 1 = e 5 - ie 6 , u 2 = e 3 - ie A , u 3 = e 1 - ie 2 , 

where e % are the dual of Cj gives a basis of (0, l)-forms. An orthonormal basis of 
harmonic representatives for i/i(f) g '°) is given by 

(3 1 = u 1 ®X 1 , fa = --^{u 2 ® X 2 - u 3 ® X 3 ) , /3 3 = -^ r {u 2 ^X 1 -u 3 ®X 2 ). 

v 2 v 2 

Now if /j, = aiPi + a 2 j3 2 + a 3 j3 3 one can check that {/x, lj 1 } = for any i = 1,2,3, 
which shows directly that any small Kuranishi deformation of f)g arising from J is 
abelian. 

We also verify directly that Kuranishi deformations of abelian complex structures 
on f) 15 are not necessarily abelian. Let us start from the abelian complex structure J 
on f) 15 with 

Jei = e 2 , Je 3 = e 4 , Je 5 = e 6 . 
Like in the previous case, 

Xi = e 5 - ie & , X 2 = e 3 - ie A , X 3 = e x - ie 2 
u 1 = e 5 — ie 6 , u 2 = e 3 — ie A , u 3 = e 1 — ie 2 , 
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are basis of left invariant (1,0) fields and (0, l)-forms respectively, where e l are the 
dual of ej. An orthonormal basis of harmonic representatives for H^(i)\f) is given by 

(h = u 1 ®X 1 , /3 2 = -^{uj 2 ®X 1 -2uJ 3 ®X 2 ), [3 3 = uJ 3 ®X 1 , 

V5 

(3 A = ud 1 <g> X 2 , /3 5 = uJ 2 <g> X 2 . 

Setting /i, = Y^t=i a ifiti we have {ft, ou e } = for any I = 1,2,3 if and only if 04 = 
05 = 0. Hence any such fi with non vanishing a± or 05 parametrizes deformations of 
J which are invariant and nilpotent, but not abelian. 



6 Higher Dimension Example 

In higher dimensions, deformations of abelian complex structures are not necessarily 
nilpotent. Here is an example of an abelian complex structure on a ten dimensional 
3-step nilpotent Lie algebra n which deforms into non-nilpotent complex structures. 
The nilpotent Lie algebra n has structure equations: 

de 1 = de 2 = de 3 = de 7 = 0, cfe 4 = -e 12 + e 13 + e 27 , de 5 = -e 12 - e 17 + e 23 , 
de Q = -e 14 - e 15 - e 25 + e 24 - e 19 + e 28 - 2e 45 + e 48 + e 59 - e 49 + e 58 - e 89 , 

rfe 8 = _ e 17 + e 23_ e 13_ e 27 ; ^9 = ^12 + & 17 _ ^ _ & IZ _ ^ rf e 10 — 0. 

Considers the family of complex structure J s>t on n such that 

J s ,tCi = e 2 , J s ,tGA = e 5 , J Sit e 8 = e 9 , 
J s ,t^ = te 6 + se 7 , J Stt e w = -se 6 - te 7 , 

Js,tea = 2 l __ g2 (~ te 3 ~ se io) ? J s,te 7 = 2 - g2 {se 3 + te w ) 

with s,t real parameters such that t 2 ^ s 2 . To check integrability, choose the (1,0)- 
forms as follows. 

to 1 = e 1 -Me 2 , w 2 = e 4 + ie 5 , uj 3 = e 8 + ie 9 , 
uj 4 = e 3 + i(te 6 + se 7 ), uj 5 = e 10 - i{se 6 + te 7 ). 

It suffices to show that du^ is of type (l,l) + (2,0), i.e., it is generated by the ideal 
of type (l,0)-forms. It is a long, yet straight forward exercise. We do not display all 
formula here. 

For t — 0, s — 1 one has an abelian complex structure. Note that the center of n 
is spanned by e§ and eio- If a complex structure J is nilpotent, then q{ is non-trivial, 
J-invariant and contained in the center of q. Given the dimension of the center, it is 
possible only if the center of g is equal to g{. In particular, it is J-invariant. Note 
that the center is not preserved by J Sjt if t ^ 0. Thus a generic J S:t is not nilpotent. 
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